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Abstract – The goal of the paper is to analyze the potential of 
linguistic inversion of a fuzzy model to obtain a working 
controller, which is tested upon a benchmark fed-batch 
fermentation process. For the automation of the inversion 
procedure a simple decision mechanism is designed that 
dramatically increases the efficiency of the approach and 
results in improved performance compared to our earlier 
work. Moreover, automation of the decision process allows us 
to conduct a larger set of experiments to provide evidential 
material to the statement that approximate reasoning can 
produce surprisingly good results in the environment 
resembling real life conditions, however, these resukts also 
indicate that for guaranteed performance level, dynamics of 
the systems must be taken into account in the inversion 
process. 

I INTRODUCTION 
In 1996, Industrial Control Centre of University of 
Webminster announced a Modeling and Control 
Competition. Incidentally, the number of submitted works 
that could be considered successful, was rather low [1, 2], 
however, the process simulation software that was available 
at the time, has become a benchmark in subsequent years 
and has been utilized in several instances [3-5], including a 
contribution of our own [6] where we  suggested that fuzzy 
rules of the model (specifically identified from process data 
for that purpose) can reveal causal relationship between 
model variables and thus provide information upon which it 
is possible to design a working controller for the process by 
linguistic inversion. However, at this time, the inversion 
procedure had to be carried out manually mainly due to 
certain undesirable properties of applied fuzzy modeling 
algorithms, which called for human intervention to make 
meaningful decisions. 
In current paper our aim is twofold. First, compared to [6] 
we apply a different, simple yet an efficient fuzzy modeling 
method known from literature [7] in order to improve 
credibility and interpretability of the process model. 
Secondly, we develop a decision making algorithm for 
model inversion so that in result, the whole controller 
design procedure can be fully automated, is exactly 
determined and therefore more efficient. As our simulations 
show, automation not only saves us a lot of time but also 
results in improved control performance. Comparison with 
other contributions is rather favorable considering the low 
computational cost of the approach. Additionally, a larger 
set of experiments is conducted in order to evaluate the 
potential of the approach and analysis of these results points 
to further issues that need to be solved. 

II PLANT DESCRIPTION 
The plant is supplied as a program that simulates a fed-
batch fermentation process producing a secondary 
metabolite as the product. The microorganism in this 
process needs two substrates (s1 and s2) for growth and 
production and the process has two inputs, f1 and f2 in terms 
of substrate feed rates. There are five measurements that are 
x - biomass, s1 - concentration of substrate 1, s2 - 
concentration of substrate 2, p - product concentration and, 
V - volume. Maximum feed rates and the volume of the 
fermentor are limited (fmax = 50, Vmax = 4000). 
It is believed that the nominal profile as provided with the 
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is not good enough for the production. The optimal feed 
pattern should be investigated in order to improve the 
process productivity. The criterion J may be selected as: 

J = pV/T, (2) 

where T is the duration of fermentation. Other process 
environment variables such as temperature and pH are 
assumed to be constant (at theirs optimum). 
From the long experience it is known that feed of substrates 
at too high or too low levels reduces the production. Feed 
rate f2 seems to be complementary with feed rate f1. Only 
feeding of s2 does not yield any production while only 
feeding of s1 yields small product. 
The model representing the plant is not given explicitly (to 
make the exercise comparable to working on a practical 
plant) but supplied as a black box with a set of specified 
inputs. There are following features: 
i. The initial state varies randomly within a subspace for 

each batch; 
ii. The parameters of the model vary within specified 

limits; 
iii. A set of non-measurable disturbances; 
iv. A set of constraints. 
Due to these features, it is impossible to obtain the same 
output series for each batch. This is more realistic to the 
practical situation. It is not quite common in real life though 



that all process variables can be measured on-line without 
problems. 

III LINGUISTIC INVERSION TECHNIQUES 
Arguably, the ultimate goal of controller design is to derive 
the inverse model of the process. In theory, the use of an 
inverse model possesses the advantages of open-loop 
control, i.e. inherent stability and perfect control with zero 
error. In practice, however, it is not guaranteed if the 
inverse configuration actually exists or if it is physically 
realizable. Global inversion of the system, where all states 
become the outputs of the inverted model and the output of 
the original system becomes the state variable (Fig. 1) has 
normally non-unique solution and must be given by a 
family of solutions. In case of partial inversion, only one of 
the states (x1 in Fig. 1) of the original system becomes the 
output of the inverted model and other states together with 
the original output are the inputs of the inverted model. 
Partially inverted model can be also more easily embedded 
into the control system than the global inversion. 
 
 
 
 
 
 

Figure 1 Fuzzy model and its inversions 

The partial inversion has often an unique solution but not 
necessarily (the original model must be strictly monotone in 
respect to the inverted state to be invertible).  
Numerical identification (e.g. in the form depicted in Fig. 2) 
of the inverse model may be computationally expensive, 
requiring many training epochs/samples to converge. The 
issue of invertibility is also of importance and not very well 
handled with automatic generation of the inverted model. 
The techniques for training the inverted fuzzy model have 
become known basically through neural network research. 
Fuzzy systems, however, can be considered different from 
neural networks because: (a) they can be interpreted in 
linguistic terms; (b) if transparent [8], their parameters can 
be interpreted in terms of their influence to the input-output 
relationship and therefore allow approximate linguistic 
inversion [9-11] and exact analytical inversion [12]. 
 
 
 
 
 
 
 
 
 

Figure 2 Fig. 2. Online inverse model based control 

Linguistic inversion (causality inversion), in what we are 
interested in current paper, is obtained through the 
exchange of antecedent and consequent variables in fuzzy 
rules if a symmetrical operator (t-norm) represents the if-

then relation. Consider a three-input fuzzy system from 
[12], given in Table 1. 

Table 1 
Rule base of the sample model 

 x1 is small x 1 is medium x 1 is large 
x2 is low AND x 3 is low zero low medium 
x 2 is low AND x 3 is high low medium high 
x 2 is high AND x 3 is low  low medium high 
x 2 is high AND x 3 is high medium medium high 

  
The inversion procedure may have three possible results 
marked in Table 2: 
i. The input configuration is unique. This is the ideal case. 
ii. The input configuration is non-unique, meaning that the 

rule base is non-invertible. The approximate solution is 
to choose the input configuration with the lowest control 
energy (in linguistic sense). 

iii. There are no inputs that allow one-step transition to the 
desired output. The reason why such situation occurs is 
twofold. First, the number of linguistic labels (“low”, 
“high”, etc.) given for x1 and y is not equal, i.e. there are 
16 rules in the inverted model whereas the number of 
rules in the original model is 12. The second reason is 
that the original system may not simply allow one-step 
transition to the desired output from the given state. The 
approximate solution is to choose the “nearest” output 
(again in linguistic sense). 

Table 2 
Inverted rule base 

x2, x3 y is zero y is low y is medium y is high 
x2 is low & x3 is low small (i) medium (i) large(i) large(iii) 
x2 is low & x3 is high small (iii) small (i) medium (i) large(i) 
x2 is high & x3 is low small (iii) small (i) medium (i) large (i) 

x2 is high & x3 is high small (iii) small (iii) small (ii) large (i) 
  
Besides, one must pay attention to the membership 
functions (MFs) of the inverted model that correspond to 
linguistic labels. Input and output MFs may be of different 
type (e.g. triangular input and singleton output MFs) and 
therefore singleton MFs need to be converted to triangular 
ones or vice versa. Even if both input and output MFs are of 
triangular type attention must be paid because of 
contradictive nature of input and output transparency 
constraints [8] (unless they are uniformly distributed on all 
variables). 
For the reasons described above it may become very 
difficult to obtain a working linguistic inversion in practice, 
which is probably the main reason why the approach has 
found little use. However, limited version of the approach 
assuming a fixed control goal (pre-determined profile of y) 
can be performed with less effort and allows us to exclude y 
from the inverted model. From the rules that have 
linguistically identical premises in terms of x2 and x3 (i.e. 
rows in Table 1) only one that corresponds to the desired 
label of y is selected for inversion. E.g., if we fix the desired 
output profile as a sequence of y is {low, medium, high, 
high} (emphasized with gray background in Tables 1 and 
2), the inverted model would appear as  
 

… 

fuzzy 
model 

x1 
x2 
xN 

y … 

global 
inversion 

x1 
x2 
xN 

y … partial 
inversion 

x1 
y 
x2 
xN 

 

inverse 
model 

f 

z -1 

z -1

inverse 
model 

y(k+1)

r(k+1) 

y(k) 
u(k) 

+ 
- 



IF x2 is low AND x3 is low THEN x1 is medium (i)    
IF x2 is low AND x3 is high THEN x1 is medium (i)      
IF x2 is high AND x3 is low THEN x1 is large (i) 
IF x2 is high AND x3 is high THEN x1 is large (i) 
 
It is easy to see the advantages of this approach 
i. The number of rules of the inverted model is Sy times 

smaller than in the case of the original partial linguistic 
inversion (Sy is the number of linguistic labels of y). 

ii. Type of consequent MFs does not present a problem, as 
they are never inverted. Moreover, models where each 
rule has an unique output MF (in fact the model we will 
identify in section IV is of similar type) would be 
extremely difficult to invert linguistically, because of 
the large number of consequent MFs.  

iii. Less problems with (ii) and (iii) type rules.  
However, the price of this simplification is that each time 
the desired output profile is decidedly changed, the model 
must be re-inverted again. 

IV MODELING ALGORITHM 
For inversion a suitable fuzzy model of the fermentation 
process is required. In this paper we have used a fuzzy 
model belonging to a class of 0th order Takagi-Sugeno 
systems. 

IF x1 is A1r AND … xi is Air … AND xN is ANr  
THEN y1 = b1r AND … yj = bjr … AND yM = bMr 

(3) 

where Air denotes the linguistic label of the ith input  
variable xi and bjr is the consequent singleton value for 
output variable yj, respectively, associated with the rth rule   
(i = 1…N, j = 1… M, r = 1…R). 
0th order TS systems possess a computationally inexpensive 
inference algorithm that gives numerical relationship 
between the system (3) variables 
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where τr is the activation degree of the rth rule, given by 
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where µir denotes the membership function MF of the ith 
input variable (representing Air) associated with the rth rule. 
In current application our primary concern is model ability 
to reveal valid causal relationships between system 
variables and therefore both transparency and reliability of 
the model are important requirements. Transparency 
(validity of linguistic interpretation) has been discussed 
extensively in our previous works [8] and it has been found 
out that transparency can be preserved by imposing certain 
restrictions to MF parameters. Things are not so simple 
with reliability, which is sometimes rather difficult to 
evaluate. Often fuzzy model is identified from scarce (and 
possibly noisy) data where the modeling algorithm has to 
generalize on the basis of existing samples. This situation is 

quite common in practical applications because it is usually 
difficult to get good coverage of the input space as the 
number of inputs increases (it also may be difficult to 
obtain adequate validation data sets).  
Fuzzy modeling methods (neural network inspired learning 
algorithms, in particular) generally rely on global learning 
techniques driven by numerical approximation error and 
tend to obtain the parameter values by drawing conclusions 
through the extrapolation of existing data samples often 
resulting in fuzzy rules that are unrealistic or simply untrue 
for the given application.  
Our answer to this problem is to compute consequent 
parameters with the simple method (6) proposed by Nozaki 
et. al. in [7]. Given a set of training data [x1(k), x2(k), …, 
xi(k), …, xN(k), y1(k), y2(k), …, yj(k), …, yM(k)], k = 1, …, K, 
the consequent parameters of the model can be computed 
by        

Mjkkykb
K

k
r

K

k
jrjr ...,,1,)()()(

11

== ∑∑
==

ττ . (6) 

The basic important characteristic of (6) is that consequent 
parameters for a given rule are computed as the weighted 
average of relevant (measured by rule activation degree τr 
in (6)) output samples that gives the algorithm interpolating 
rather than extrapolating character, which improves rule 
credibility. 
The drawbacks of Nozaki’s method are its relatively modest 
numerical accuracy and the assumption that input MF 
parameters are available (otherwise it is impossible to 
calculate τr for (6)). Moreover, no known automatic input 
MF identification procedure guarantees us optimal results, 
so in current paper we typically rely on expert-defined or 
template input partitions that satisfy 
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that is the transparency condition for input MFs of the 
model (output MFs are transparent by default in 0th order 
TS architecture), where )( i

s
i xµ  is the sth MF defined for ith 

input variable. 

V TECHNICAL DETAILS 
Controller design is a two step procedure (the 
transformation sequence is depicted in Fig. 3). First, fuzzy 
model having the structure [∆x, ∆p] = f(x, s1, s2) is 
identified from measured (and preprocessed) data from 10 
process runs with nominal feeds (similar approach in 
respect to data acquisition was taken in [4] and more details 
about this and the reasoning behind the model structure can 
be found from [6]), where ∆x and ∆p are the biomass and 
product concentration growth rates, respectively (∆x = x(k) 
- x(k - 1), ∆p = p(k) - p(k - 1), k = 2,  …, K). The model can 
be validated on a separate set of validation data. 
In existing applications of linguistic inversion, the 
following step - controller extraction - is typically a manual 
task. For example, in [6], first, all rules of the model were 
grouped into Sx subsets according to the biomass label in 



the antecedent part of the rules (Sx is the total number of 
MFs (or linguistic labels) defined for biomass). From each 
such group, containing the rules of format: 

IF x is A1r AND s1 is A2r AND s1 is A3r   
THEN ∆x is b1r AND ∆p is b2r,  

(8) 

one rule was selected, based on the values of b1r and b2r 
(that serve as the estimates of growth rates of x and p 
provided by the levels of biomass and substrate 
concentrations that trigger this rule) and rewritten in the 
format  

IF x is A1r THEN s1 = p1r AND s2 = p2r , (9) 

where p1r = core(A2r), p2r = core(A3r). Manual approach in  
[6] was further necessitated by the properties of adopted 
modeling algorithms, e.g. with one of the methods – fuzzy 
template modeling algorithm [13] - each rule was assigned 
a rule weight which made interpretation of rules difficult at 
times even for an human eye and with Gustafson-Kessel 
clustering in combination with the least squares method 
[14], many clearly unrealistic b1r and b2r turned up in 
identification process. With the current method (6), the 
rules are much more interpretable and reliable therefore rule 
selection can be supported by a simple decision mechanism 
(Fig. 4). All numerical values of (b1r, b2r) corresponding to 
the rules of one subset are fed into respective inputs of the 
decision making mechanism that computes the 
corresponding pair (τ1, τ2). As our previous work has 
shown, the process can be divided into two phases: biomass 
formation phase in which biomass is grown to the level it is 
capable to give high production rates and production phase 
in which product concentration rapidly increases. It is easy 
to see that rules with a high value of τ1 have a high potential 
for being selected for production phase and that rules with a 
high value of τ2 would be good candidates for biomass 
formation phase.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 Controller design procedure 

 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 4 Decision making mechanism and its parameters 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 5 The control system 

Of the subset of rules the one with maximum τ1 or τ2 
(whichever happens to be larger) is declared the winner and 
chosen for inversion. Note that this way the principal 
decision of choosing production or biomass growth phase 
will be determined automatically. After that we proceed 
with the next subset of rules until we have analyzed the last 
one.  
Consequently, this simple mechanism allows us to go 
through the whole sequence in Fig. 3 without human 
intervention. The resulting controller or process manager 
will then be embedded into the control system (Fig. 5). 

VI RESULTS 
First, the new approach is tested with the input partition 
depicted in Fig. 6 that belongs to one of the successful 
controllers from [6]. Application of (6) results in a 38–rule 
(so few remain of 140 potential rules after filtering out the 
unused ones based on the cumulative value of τr computed 
on training data) model that has root-mean-squared-error 
(RMSE) 10.75 and 0.18 for ∆p and ∆x, respectively. On a 
separate set of validation data of similar size, RMSE values 
are 5.54 and 0.04, indicating that model generalization 
properties are rather good and the model is thus reliable. In 
the next step the model is inverted automatically into a 
four-rule process manager Averaged J (Jav) over ten process 
runs obtained with this controller as well as typical process 
duration (Tav), average product concentration (pav) and 
improvement (↑) in respect to nominal profiles are given in 
Table 3  along with the results from other sources [1, 4-6]. 
Moreover, in Fig. 7, four time diagrams of Jav are depicted, 
where it is demonstrated that our controller is quite similar 
in character to the one from [4]. It must taken into account, 
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however, that other authors’ contributions violate at least 
one of the premises of the original task, e.g. [1, 5] ignore 
the requirement that fermentation process should be 
stopped at the moment when fermentor volume reaches 
4000 (violation of this condition means that we are dealing 
with a continuous fermentation process rather than a fed-
batch one). So, when taking the volume limitation into 
account the true Jav of [1] would be slightly lower (about 
9.2⋅104) than the reported one and in [5] the actual outcome 
would be below 3·104, which, incidentally, is just a failure. 
The application [4] on the other hand makes explicit use of 
equations hidden in the black-box model and has therefore 
access to supposedly forbidden information. 

Table 3 
Comparison of results 

  nominal DISOPE[1]  Riid [6] Zhang[5] Liang [4] current 
Jav  8.33⋅104 9.5⋅104 1.02⋅105 1.07⋅105 1.53⋅105    1.32⋅105 
Tav  116 120 122         120 74 82 
pav 2415 2850 3110 3210 2829 2714   
↑ 0% 14% 22.5% 28.5% 83% 59% 
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Figure 6 Input partition of the fuzzy model (from [6]) 
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Figure 7 Control results 

 
 
 

 
 
 

Figure 8 Averaged feed profiles 

We can see that in these circumstances our approach 
compares rather favorably; however, the variation of these 
preliminary results is rather high. E.g. process time varies 
from 74 to 114 time units and product concentration from 
2000 to 3000. In order to fix that, averaged feed profiles 
(Fig. 8) on the basis of the feed profiles provided by the 
control system (Fig. 5) from 10 runs are used rather than 
applying the control system directly, which leads to much 
more consistent (as can be seen from Fig. 9) and further 
improved (Jav = 1.38⋅105, Tav = 83, pav = 2862) results. 
Secondly, and even more importantly, automation of the 
inversion process opens the way for large-scale analysis of 
the applicability of linguistic inversion for the given 
problem. For this purpose we have constructed 180 
different process models with varying number of input 
MFs, ranging from 4 to 8 in case of biomass concentration 
and from 5 to 10 in case of those of substrates, including all 
possible combinations. For input partitions we assume that 
smaller concentrations of substrates need to modeled with 
greater care (it is unlikely to maintain higher concentrations 
in the second phase of the process as the volume grows), 
therefore uneven (logarithmic) distribution of MFs was 
used for these variables (Fig. 10), where the center s

ib of sth 
input MF of ith input variable can be calculated as  

i
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The results of this experiment set are depicted as 
histograms of Jav, pav and Tav (Fig. 11). 
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Figure 9 Variance of results. Left: productivity with the control system 

from Fig. 5. Right: productivity with averaged feed profiles 
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Figure 10 Logarithmic MF distribution (m = 3) 

It turns out that only 57% of these resulting controllers 
outperform the nominal controller in terms of Jav (average 
productivity over all experiments is 8.95⋅104). However, at 
the closer look over 90% of process managers are able to 
bring p to 2500 and higher so in general the inversion 
fulfills its original goal (there are just a couple of downright 
failures where product concentration reaches nowhere). 
Apparently, the main problem and the reason behind low 
productivity is that computed feed profiles take generally a 
long time to raise the fermentor volume to 4000 (over 21% 
of them require more than 200 time units for that!).  
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Figure 11 Summary of experimental results 

In the analysis of the results, one must first acknowledge 
that in order to detect important dependencies between 
system variables such dependency must first be present in 
training data, which ultimately, imposes certain upper limit 
to controller performance. Second factor that must be taken 
into account is that whole approach is highly approximate 
by nature. Third, high values of T must not come as a 
complete surprise because, in fact, identified model 
contains no information of the dynamics of the process 
(except perhaps in indirect way). Another issue is if we are 
able to find or develop a method that would assist us in 
placing input MFs so that the final outcome would be 
favorable, because, apparently, it is not always feasible to 
conduct a huge set of trial-and-error experiments. It must be 
noted that presently, it is rather impossible to detect any 
correlation between the number of MFs or their positions 
and controller performance despite a large number of 
different controllers that were tested. Summarizing, it is 
actually quite remarkable that the resulting controllers are 
that good, taking into account highly approximate (model 
has approximation error, linguistic inversion is approximate 
and even MF conversion following (9) is of approximate 
nature) nature of the approach, limited amount of 
information (training data) and highly stochastic working 
environment.  

VII CONCLUSIONS 
In current paper linguistic inversion based control method 
for benchmark fed-batch fermentation has been 
investigated. With the proper choice of the modeling 
algorithm and preserving model transparency we have 
managed to improve model reliability so it can be inverted 
automatically using a simple decision mechanism. 
Automated decision-making in turn leads to better 
performance despite a very approximate nature of the whole 
approach. However, as the original assignment makes 
assumptions about process dynamics, it is recommended for 
guaranteed performance level that information about 
process dynamics must be included in the process model 
and utilized in inversion procedure as the performance test 
with a large family of controllers clearly indicates. This, 
along with a few minor issues remains a matter of future 
research. 
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