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ABSTRACT: This paper observes the modeling issues of
non-differentiable fuzzy systems and transparency of the
modeled system. Transparency conditions and constraints
for standard (Mamdani) and Takagi-Sugeno type fuzzy
systems are suggested. Genetic algorithms, considered a
serious attempt toward universal optimization tool for fuzzy
systems, are capable of simultaneous structure
determination and parameter identification if suitably
configured. Included are several examples of nonlinear
functions modeled with genetic algorithms.
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1 Introduction

The optimization algorithms can be divided into two
groups - gradient-based and gradient-free algorithms.
Gradient-based approaches are basically local search
techniques and not very well performing when the
approximated function has several local minima. Several
hybrid approaches have been proposed to solve this
problem in fuzzy modeling, most notably ANFIS [1],
with good results.

ANFIS and other gradient-based algorithms, however,
can be applied only to a limited group of fuzzy systems
(first or zeroth order prod-sum Sugeno systems), because
of the requirement of differentiability.

While there is no universal fuzzy approximation
algorithm yet, the need for efficient and flexible
algorithms is persistent. Natural evolution-inspired
genetic algorithms (GAs) are a good candidate. Our
purpose here is to demonstrate that GAs when suitably
configured, are potentially able to solve several problems
in fuzzy modeling (including the one of transparency).

2 Transparency

First fuzzy logic controllers were derived on the basis of
the experience of human operators [2]. The lack of any
systematic methodology for such design initiated the
birth of Sugeno-type fuzzy systems [3] with half-
linguistic/half-functional rules. Further research in this
field has lead to algorithms with what the semantic clarity
of fuzzy systems has been sacrificed to approximation
properties [1]. There are authors, though, who have
explored the issues of semantic clarity of fuzzy systems
in their works, developing the subject further. The need

for constraints for preserving the semantic clarity (i.e.
transparency) of the system during the training has been
acknowledged in some works [4], [5], although the
authors have not developed the idea to the full extent.
Some authors [6], [7] have proposed algorithms that
produce de facto transparent fuzzy systems. We propose
the following definition of transparency, the extension of
the one introduced in [8]:

Consider a multi input/multi output (MISO) standard
fuzzy system
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where A;, and B, denote the linguistic labels of the i
input variable and the output, associated with the ™ rule,
having one-to-one correspondence with normal convex

membership functions (MFs) w,. and y,, respectively; x;

denotes the numerical value of the /™ input variable and
Y(*) denotes the defuzzification function (center-of-
gravity (CoG), mean-of-maximum (MoM), etc.) used.

Definition: r™ rule of the fuzzy system (1) is transparent if
it's activation degree
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To satisfy (2,3), u,', the MFs of the ™ input variable
must be defined so that
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where S; denotes the number of MFs per /™ variable and

X, = [X mn X imax] denotes the domain of the /™ input



variable. In case of CoG defuzzification method, output
MFs must satisfy (5), i.e. only symmetric MFs are
allowed.

Ymax (5)
I vy, (Ndy

Ymin
YWg (7, ()= T
_fy,- (»)dy

Ymin

= core(y, (¥))

With maximum-based defuzzification algorithms
(MoM, SoM, LoM), however, (5) is not needed, because
these algorithms take care of output transparency.

For Sugeno class of systems, (4) similarly solves the
problem of transparency, and first-order Sugeno systems,
not violating (4), can be interpreted as piecewise linear
input-output mappers. The main issue with Sugeno
systems is that commonly used classes of MFs -
Gaussian, generalized bell - are non-compact. Bikdash [5]
has proposed compact functions such as cubic spline and
cosinus that can be easily used to implement (4).

3 Genetic algorithms

Inspired by Darwin's evolution theory "survival of the
fittest", GAs were introduced by John Holland in early
eighties [9] and have been explored and exploited by
many authors since then.

GAs simulate those processes in natural selection which
are essential to evolution and are able to find solutions to
real world problems if they are suitably encoded. They
work with a population of "individuals" each representing
a possible solution to a given problem.

It is assumed that a potential solution to a problem may
be represented by a set of parameters. These parameters
(genes) are joined together to form a chromosome. It is
generally believed that the ideal is to use a binary
alphabet.
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Fig. 1. Classic genetic algorithm.

Each individual is assigned a fitness score according to
how good a solution to the problem is. The highly fit
individuals (selection) are given opportunities to
"reproduce" by "cross breeding" with other individuals.

Crossover takes two individuals and cuts their
chromosome strings at some randomly chosen position.
The "tail" segments are then swapped over to produce
two new full length chromosomes (one-point crossover).
A whole new population of possible solutions is thus
produced. Crossover is not usually applied to all pairs
selected for mating but with a likelihood typically
between 0.6 and 1.0. Mutation is applied to each child
individually after crossover and randomly alters each
gene with a small probability (~0.001). Mutation adds a
small amount of random search

If the GA has been designed well, the population will
converge to an optimal solution of the problem.

The above described classic GA is depicted in Fig. 1.

4 Fuzzy system identification

Fuzzy system identification can be considered a typical
modeling problem, including structure determination
(variables, partition style, the number of MFs per each
variable, number of rules, contents of the rulebase, etc.)
and parameter identification (MF parameters). Typically,
most optimization algorithms developed so far (e.g.
gradient descent), deal with parameter identification.
Structure determination problem relies heavily on human
expertise, although, some research in this direction has
been conducted [10]. The crucial point of structure
determination is the definition of the rulebase that
directly affects the modeling quality and limits the
possibilities of parameter identification.

The common but not efficient solution to the problem is
to assign individual output MF to each rule so that
rulebase tuning is indirectly carried out in parameter
identification phase. This unavoidably leads to a large
number of tuning parameters if the number of inputs
and/or the number of MFs per variable is large (curse of
dimensionality).

GAs, on the other hand, solve this problem efficiently,
using integrated chromosome that allows simultaneous
MF parameter and rulebase training (although both can
be trained individually if such need arises). We
demonstrate it in the next section.

5 Parameter encoding/decoding

Typically, the goal of modeling is to reduce the
approximation error, e.g. absolute average error
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minimizing the average difference between y (the
modeled function) and y (output of the fuzzy system),
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consisting of K data pairs, by optimizing the parameters
of the fuzzy system (1).

To accomplish that, the chromosomes are composed in
the following manner: Each chromosome contains two
substrings. First substring contains all encoded MFs of
the system and the configuration depends on the type of



the MFs used. In this work we use triangular functions
and employ an input partition style proposed by Jager [7].
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(s =1...5)). (7) forms a partition therefore ensuring that
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Because of CoG defuzzification, symmetric triangular
output MFs must be used, given by
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where ¢ = 1...T (T - the number of MFs per output
variable).
Another option is to use singleton consequent MFs:

b ,y=b (10)
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The second substring contains the integers that encode
the rule information so that each integer /, represents one
MF in the space of the output variable and corresponds to
the " rule.

The integrated chromosome corresponding to (7) and
(9), similar to the one presented in [11] is depicted in Fig.
2.
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Fig. 2. Chromosome configuration.

Prior to converting to binary alphabet, the real number
values of the encoded parameters p are scaled by

applying
p - pmin (1 1)

]=@2" -1 .
pmax _pmin

'
p [Pm.in > Pmax

where m denotes the precision of the coding. After each
epoch (Fig. 1) and transforming to decimal alphabet, in
turn, obtained values are rescaled using

p=p +pr pmax _pmin (12)
min o _1 .

The fitness function used in this work is evaluated
using

F(e)=100— 100& (13)

max ymjn

6 Examples

Several functions were modeled, using GAs and other
algorithms  (gradient descent and ANFIS), for
comparison purposes.
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Fig. 3. a) ""'sombrero' function, b) fuzzy function

a) Approximation of "sombrero" function, a functional
test for ANFIS [1] (Fig. 3a), (440 data pairs). This
function was also modeled with unconstrained gradient
descent, using equivalent definition of the fuzzy system
(zeroth order prod-sum Sugeno system with triangular
input MFs).

b) Approximation of fuzzy function used in [8] (Fig. 3b)
(441 data pairs). Comparison results were obtained by
ANFIS. The number of MFs for ANFIS was determined
using the analogy between standard and Sugeno systems
based on [12].

c) approximation of time series (Fig. 4), given by the
Mackey-Glass differential delay equation.

02x(=7) o\ . (14)
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We used the values x(¢ - 12), x(¢ - 6) and x(¢) to predict
x(t + 6). 500 samples were created between ¢ =118 ...
617. Additional set of validation data was produced (¢ =
618...1117) to observe the generalization properties of
those models. In obtaining the models all three methods
were used

1.5

1F

0.5

0 100 200 300 400 500
Fig. 4. Mackey-Glass time series.
The modeling results are shown in tables 1-3. N, -

number of trained parameters, N, - number of training
epochs.



Table 1. Modeling of ""'sombrero' function.

mod. alg. |[S1S,] T RMSE |N, N,
GA [8 8] 7 0.0582 1000 |87
GD [8 8] 64 0.0143  [1000 |112

Table 2. Modeling of fuzzy function.

mod. alg. |[S1S,] T RMSE |N, N,

GA [6 3] 5 0.3742 500 |37
ANFIS [52] 10 0.1643 500 |51
Table 3. Modeling of Mackey-Glass time series.

mod. alg. |[S1S:S;] |T  |trn. err.|chk. err. |N, |N,
GA [666] |6 ]0.0273 ]0.0299 |500 |240
ANFIS [555] 125 [0.0066 [0.0095 |20 |545
GD [666] [216]0.0102 |0.0130 |20 |270

According to approximation error, ANFIS and gradient
descent outperform GA. The comparison of training
times generally also favors gradient-based algorithms. An
interesting exception is the case of Mackey-Glass data,
where it takes about 45 minutes to finish 20 of ANFIS
epochs (CPU: P-II 350 MHz), while GA accomplishes its
500 epochs in 2 and half hours (CPU: AMD K-6 400
MHz). The resulting error of ANFIS is small enough,
though, and further training brings no improvement. GA,
in contrast, always requires substantial time to achieve
the results of acceptable accuracy.

The gradient descent algorithm, implemented through
Fuzzy Logic Toolbox 2.0 of MATLAB is not pure
gradient descent because it is initialized with one-pass
least squares estimation. To put the algorithms on the
equal ground, we initialize the GA with the rule
extraction algorithm of Wang and Mendel [13] and repeat
the experiments (tables 4-6).

Table 4. ""Sombrero'' function approximation.

initial error(GA) |Final error (GA)|initial error (GD)
0.0758 0.0484 0.5071

Table 5. Fuzzy function approximation.

initial error(GA) |Final err.(GA) |initial error (ANFIS)
0.8274 0.2505 0.1407

Table 6. Modeling of Mackey-Glass time series.

initial error inal error(GA)
ANFIS |GD GA training checking
0.0179 ]0.0135 ]0.0534 ]0.0202 0.0211

7 Conclusions

Theoretically, GAs are capable to solve problems of
arbitrary complexity. The schema theorem [9] which
proves this is, however, based on several assumptions
(infinite number of chromosomes and training epochs, to
name two) that cannot be realized in practice. Typically,
convergence is premature or too slow. Because GAs work
with a number of potential models, each training epoch
also requires a time to accomplish. The bottleneck of
GAs when applied to fuzzy systems is the evaluation of
fitness function. On the other hand, GAs are not so
sensitive to the "curse of dimensionality" problem.

With GAs we are able to obtain transparent models of
modeled functions. The universal nature of GAs allows to
train fuzzy systems of arbitrary configuration. An
interesting perspective is to employ GAs in combination
with other techniques. For example, GA could be
initialized with Wang-Mendel rule extraction algorithm,
and employed for obtaining the optimal rulebase and sub-
optimal definition of MFs. The result could be then fine-
tuned with other algorithm.
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